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The validity of the Stokes-Einstein relation is well acknowledged for simple fluid and widely
applied to quantitatively characterize the particle diffusion. In this Letter, we show that indeed it
is not a precise law. Deviations exist for Brownian particles even at the micron level, and increases
with the decrease of the Brownian particle radius. By decomposing the diffusion coefficient into
the kinetic and hydrodynamic parts, we reveal that the kinetic part is inversely proportional to the
square of the Brownian particle radius, and thus violates the relation. By excluding the kinetic
part, we present a modified version of the Stokes-Einstein relation, and verify that it works for the
Brownian particle down to several times of the fluid particle size over entire fluid region.
The Stokes-Einstein (SE) relation,
DR =
kBT
cη
, (1)
establishes a connection between the diffusion coefficient
D of a Brownian particle and the shear viscosity η of the
fluid, where R is the radius of the Browinan particle, kB
is the Boltzmann constant, T is the temperature, and c
is a boundary condition dependent constant. It makes
the Einstein relation [1] 〈r(t)2〉 = 2Dt, i.e., the mean-
squared displacement is proportional to the time t, be a
quantitative law. The validations have been concreted
in certain extreme situations, such as in supercooled and
glass-forming liquids [2–6]. In dense complex media,
intensive efforts have been focused on finding alterna-
tive formulas [7–11]. However, in usual fluid or so-called
Newtonian fluid, the SE relation is well acknowledged
and widely applied as a general tool to estimate the size
of diffusing particles [12–14] .
However, a fine verification of the SE relation re-
mains insufficient even in simple fluid. Previous exam-
inations, either experimentally [2–6, 15–17] or numer-
ically [15, 18–23], focus on examining this relation for
fluid particles. These studies check whether the diffu-
sion coefficient D of fluid particles and the viscosity η
of fluid satisfy the SE relation with the change of T or
with the change of the fluid density. The validity of the
SE relation is shown for liquids, as a result that the con-
stant c drawing from these studies lies in an interval of
c ≈ (pi/6, pi/4), i.e., between the predictions of slipping
and stick boundary conditions. Meanwhile, the relation
fails in gas region since c diverges rapidly with the de-
crease of the fluid density [15–23].
In principle,the SE relation is exacted for sufficiently
large Brownian particles since it is established on the
basis of the macroscopic Stokes law. For real applica-
tions, the spectrum of the Brownian particle size across
several orders of magnitude, ranging from millimeter to
nanometer. The open problems respective to previous
examinations are as follows. First, above what a radius
threshold the SE relation is applicable also for Brownian
particles in gas? This is a problem of practical impor-
tance. For example, particulate matters such as aerosols
and PM2.5 in atmosphere have various sizes. They are a
kind of major health hazards since they can carry viruses
and can go directly to the alveoli of the lungs, and also
play important role in climate[24, 25]. Second, can we
really confirm the SE relation precise at molecular level
in liquids? The previous positive answer implies the SE
relation applies for Brownian particles of various sizes.
Together with various technique difficulties, whether the
SE relation really depends on sizes, has been always ig-
nored.
The present work performs a direct size and mass de-
pendent examination of the SE relation. Note that the
right-hand side of Eq. (1) does not include any intrin-
sic properties of the Brownian particle. Therefore, at a
given fluid density, the violation can be confirmed if DR
changes with R or M . We employ the hard-sphere fluid
model to perform our task. This model is the simplest
nontrivial fluid model for studying fluid theories [26–28].
Especially to our purpose, the radius of a hard sphere
is definitely defined. In such a case, only the diffusion
coefficient needs to be calculated, and thus reducing dra-
matically the ambiguous interpretation of results. While
in previous examinations, both D and η need to be ob-
tained simultaneously.
The key step is to decompose D into the kinetic and
hydrodynamic parts, DK and DH , respectively. In doing
so, we find that DK ∼ R−2 while DH ∼ R−1 with the
increase of R. The scaling behavior of DK indicates that
DR cannot remain a R-independent constant when DK
cannot be ignored. In other words, the SE relation is not
a precise law. Meanwhile, the behavior of DH inspires us
to modify the SE relation as
DHR =
kBT
cη
. (2)
We apply large-scale numerical simulation to examine
Eqs. (1) and (2). The results indicate the original SE
relation is approximately correct for Brownian particles
in micron sizes, while significant deviations may be ob-
served for smaller Brownian particles. On the other hand,
the modified relation is accurate till Brownian particles
in nanometer sizes. Meanwhile, we clarify that both re-
lations fail significantly at the molecular level in liquids.
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2The SE relation is established basing on the hydro-
dynamic Stokes law. The succusses of the modified SE
relation excluding the kinetic effect obeys this princi-
ple straightforwardly. We also report another exam-
ple to confirm the necessity of the decomposition. The
Chapman-Enskog theory of diffusion coefficient is a pure
kinetic theory accounts for only the binary collisions mu-
tually uncorrelated [9, 28]. Previous studies have de-
clared the validity without performing the decomposi-
tion. In this way, the simulated diffusion coefficient may
show large deviations to the theoretical prediction in
higher fluid densities. [18, 27–31]. Excluding the hydro-
dynamic effect, we show that this equation is perfectly
accurate over the entire fluid region.
The model. The model consists of N spheres of unit
mass as fluid particles. They move in a cubic box of
size L with the periodic boundary conditions. We di-
vide the space cubic geometry into cubic boxes of side
l = 10, and put a sphere of radius b in each box. So,
the parameter b characterizes the fluid packing density.
Under these settings, the particle number density is fixed
at n = 0.001. The fluid particles have random velocities
with unit average kinetic energy corresponding to the
system temperature of T = 1 (KB is set to be unit). The
Brownian particle of radius R and mass M of a sphere
geometry is set at the center of the cubic initially, and
the fluid particles being overlapped are removed. The
velocities are adjusted so that the total momentum van-
ishes. The event-driven molecular dynamics algorithm is
used to evolve the system. We let the system evolve for
a sufficiently long time so it has fully relaxed to the equi-
librium state, then the velocity autocorrelation function
(VACF), defined as C(t) = 〈v(t) · v(0)/3〉, is calculated,
where v(t) is the velocity of the Brownian particle at
time t. The results are averaged over multiple runs with
different initial conditions.
To speed up the simulation we employ some computer
tricks such as dividing the system into k subsystems and
using the heap structure to sort the collision events. With
these strategies, we develop an algorithm with time com-
plexity ∼ O(log(N/k)) for each collision event. When
the system only involves fluid particles and we want to
calculate the VACF, evolving the system an interval of
time t we obtain N samples for calculating the ensem-
ble average of VACF, since each particle can be equally
considered as the tagged particle. In this case, our al-
gorithm can perform the simulation up to 106 particles.
Note that previous numerical simulations are performed
with identical particles. Our studies are mainly focused
on a more general and often-encountered scenario, i.e., a
Brownian particle with different size and mass diffusing
in fluid. In this case, only the trajectory of this particle
can be applied to calculate the ensemble average, and
thus evolving the system to the time t only obtains one
sample. So one has to evolve the system N intervals to
get the same amount of samples for calculating the diffu-
sion coefficient. The efficiency further reduces with the
increase of the Brownian particle size, since the size of
subsystems should be larger than the Brownian particle
and thus limits the value of parameter k. Therefore, to
achieve the required accuracy of ensemble average using
240 CPUs (3GHz), we usually use 27000 fluid particles
in our simulations. We also check that increasing the
particle number to 125000, the results will not signifi-
cantly change. The maximum size of Brownian particles
can be able to handle by our computer resources is about
R ≈ 25.
Three cases with fluid particles of radius b = 2, 3,
and 4.5, which are corresponding to packing fractions
of φ = 0.034, 0.11 and 0.39, will be investigated in detail.
Usually φ = 0.3 is considered as the boundary between
gas and liquid phases [23]. Thus, our studies across both
the gas and liquid regions.
Decomposition of DK and DH . The diffusion coeffi-
cient can be calculated by the Green-Kubo formula
D(t) =
∫ t
0
C(t′)dt′. (3)
Previous studies have made it clear that the diffusion
of a Brownian particle is govern by both kinetics and
hydrodynamics [26, 27, 32–36]. Consequently, the VACF
can be decomposed as C(t) = CK(t) + CH(t).
The kinetic approach of VACF is pioneered by Ein-
stein [1].The key idea is that the decay of the VACF
is induced by random collisions from surrounding fluid
particles, by which the Brownian particle loses its initial
momentum exponentially. The collisions are considered
to be uncorrelated. This consideration gives
CK(t) = C(0) exp(
C(0)
DK
t), (4)
where C(0) = kBT/M .
However, it has been known since the 1960s that the
VACF also includes a hydrodynamic contribution: The
momentum transferred to the fluid can feedback to the
Brownian particle through velocity vortex field [26, 27,
33, 35, 36] or ring collisions [32, 34]. The momentum
having been feedback arises CH(t). This effect can also
be approximately formulated by the extended Langevin
equation by involving a memory factor from the random
collisions [37–39]. Since the pioneering work of Alder et
al., though a fully expression over the entire time interval
for this part is still absent, various approaches [28] have
concreted that CH(t) has a long-time tail, i.e.,
CH(t) ∼ [4pi(DK + ν)t]− 32 , (5)
where ν = η/n is the kinematic shear viscosity.
Our idea to decompose CK(t) from C(t) is as follows.
In a short time, on the one hand, very little momentum
has been transferred into the fluid from the Brownian
particle. On the other hand, this part of momentum has
3not played a role due to the delay: The Brownian par-
ticle collides to a fluid particle and transfers part of its
momentum, and until the collision event chain involves
the Brownian particle again and thus forming a ring, the
Brwonian particle has no feedback momentum. Based on
such a understanding, we fit DK by Eq. (4) in a sufficient
short time interval begin at t = 0. The hydrodynamic
effect is considered to be excluded until the result un-
change with reduce the fitting interval. In practice, the
length of the time interval should be short enough.
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FIG. 1. The VACF of a fluid particle (a) and of a Brownian
particle of (b) M = 24 and R = 25 in the fluid of b = 3 as a
function of time.
Figure 1(a) and 1(b) show VACFs of a fluid parti-
cle and a Brownian particles of R = 25 for M = 24
respectively in the fluid of b = 3. Fitting DK fol-
lowing the method introduced above, we obtain CK ,
and thus get CH , as shown in this figure too. We see
that the hydrodynamic effect of the Brownian particle
is significantly larger than that of the fluid particle. At
large times, the VACFs converge to the long-time tail of
C(t) ∼ t3/2.*****
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FIG. 2. DK of a Brownian particle as functions of (a) M at
R = 20, and (b) R at M = 24. Dots from top to bottom
represent the results in fluids of b = 2, 3, and 4 respectively.
Verification of the Chapman-Enskog kinetic theory
for the diffusion coefficient. The diffusion coefficient
of spheres in the homogeneous hard-sphere model can
be calculated by the Chapman-Enskog theory in the
first Sonine approximation [28], that is, DCE =
3
8nb2g(ρ) (
kBT
mpi )
1/2, and g(ρ) = (1 − ρ/2)/(1 − ρ)3 is the
value of the equilibrium pair correlation function at con-
tact, where ρ = 4/3nmpib3. In table I, we list DCE for
different packing densities calculated by this equation.
The coefficient D can be calculated by the Green-Kubo
equation. In Table I we list D also for those densities.
The integral time in Eq. (3) is truncated at t = 500, as
we have checked that this truncation time is long enough
to guarantee the convergence of D. The diffusion coef-
ficient D throughout the present paper is obtained with
such a truncation time. The deviations to the theoretical
prediction may over 30% in the high density region and
are consistent with previous studies [18, 27, 31].
The last line of Table I shows DK calculated by the
decomposition. Surprisingly, it agrees to the theoretical
prediction perfectly over the entire fluid region. This fact
not only confirm that the Chapman-Enskog equation is
precise for the hard-sphere model but also indicate that
the proper way to test a pure kinetic theory.
Examining the original and modified SE relations. In
Fig. 2 we show DK as a function of M with R = 20 [Fig.
2(a)], and as a function of R with M = 24 [Fig. 2(b)]
for three packing fractions. The former shows that at a
fixed R, DK converges to a mass-independent constant.
The latter indicates that at a fixed mass, DK decreases
as
DK ∼ R−2, (6)
when R is large. Moreover, DK can be re-scaled as a
universal function (i.e., multiplying it by a b−depenednt
constant and plotting it as a function of R/b), see the
insert in Fig. 2(b). This finding implies that the original
SE relation can’t be precise, since DR = (DK +DH)R ∼
R−1 +DHR involves a R-dependent component.
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FIG. 3. DR (circles) and DHR (dots) as functions of the
Brownian particle mass (a) with fixed radius of R = 20 in
the fluid of b = 2, and (b),(c) and (d) as functions of the
Brownian particle size with fixed mass of M = 24 in the
fluids of b = 2; 3 and 4.5,respectively. The dashed lines from
up to bottom indicate the predictions of kBT
cη
with c = pi/4,
c = pi/6 and c = pi/8 respectively.
Figure 3(a) performs the M -dependence test. It shows
DR and DHR as a function of M with R = 20 in b = 2
case. We see that DR decreases at small masses but
4b(φ) 1(0.004) 2(0.034) 3(0.11) 4(0.27) 4.5(0.39) 4.7(0.44)
DCE 52.3 12.1 4.35 1.50 0.763 0.552
D 53.5 12.6 4.93 2.06 1.04 0.519
DK(S) 52.3 12.2 4.35 1.49 0.760 0.550
TABLE I. Kinetic coefficients obtained by the Enskog formula
(E) and by simulations (S) for three dimension.
converges at large masses, while DHR keeps mass inde-
pendent always. Similar behaviors can also be confirmed
in b = 3 and b = 4.5 cases. Therefore, DR and DHR are
mass independent for heavy Brownian particles.
The other three plots in Fig. 3 perform the R-
dependence test for the three packing densities respec-
tively. The mass of Brownian particles are fixed at
M = 24 for these cases. We see that DR decreases with
the decrease of R, while DHR are size-independent for
R ≥ 15. The converged** value of DHR in Fig. 3(b) is
same as in Fig. 3(a), confirming that DHR is not only
mass but also size independent. It can be checked that
the converged values of DHR in Fig. 3(c) and 3(d) are
also mass independent. Therefore, we verify the modified
SE relation for Brownian particles of R ≥ 15, meanwhile
the original SE relation fails around this scale.
At what a Brownian particle size the original SE rela-
tion applies can be estimated following the scaling behav-
ior shown in Fig. 2(b). We expect that DR should con-
verge to DHR eventually with the increase of R. As Fig.
3 shown, at R = 15 the deviation between DR and DHR
is about 300%, 170%, and 150% for the three packing
fractions. Extrapolating DK/DH by the universal scal-
ing, we can estimate that if we want the deviation smaller
than 1%, R should be larger than about R = 2500, 1500,
and 1000, respectively. If we set the water molecule ra-
dius (0.3 nanometer) to be the unit of fluid particle diam-
eter in our model, the approximate size-independent DR
can be observed till Brownian particles are of the micron
scale in gas, and of dozens of nanometers in liquid.
In the particular case of M = 1 and R = b, i.e., the
fluid particle case, we obtain that DR converges to DR =
18.4, 14.8 and 4.5 for the three densities. There is a 220%
deviation even in the liquid case of b = 4.5. Therefore,
for fluid particles the original SE relation is far from a
precise law.
The kinematic shear viscosity can be calculated fol-
lowing the method in Refs [18, 30], which gives ν =
11.8± 0.1, 6.8± 0.1, and 18.3± 0.2 for the three packing
densities, respectively. Then, we can determine the pa-
rameter c in the SE relation. In Fig.3, the dash lines rep-
resent kBT/cη for c = pi/4, pi/6, and pi/8. The first two
are corresponding to the slipping and sticking boundary
conditions. We see that both the slipping and the sticking
boundary conditions are not exact. Instead, c = pi/8 can
well fit the converged DHR for all of the three densities.
Therefore, we find a new universal constant c although
its value is inconsistent with the usual expectations.
Mechanisms behind. We propose a phenomenological
approach to understand why the modified SE relation
works for large Brownian particles and fails for small
ones. The idea is similar to Ref. [28] (p .246), with
the key difference that we take the delay effect into ac-
count. At time t = 0 the Brownian particle localizes
at r = 0. Then, its initial momentum gradually trans-
fers to the surrounding fluid particles by collisions, and
spreads out by the viscosity and sound modes. The mo-
mentum density Ψ(r, t) carried by the viscosity mode re-
laxes diffusively as Ψ(r, t) ∼ exp(−r2t/4ν). This mode
feeds the momentum back to the Brownian particle and
contributes the hydrodynamic componentDH . The char-
acteristic radius of the pack region of Ψ(r, t) expands
as rc = (t/4ν)
1/2. Assuming the Brownian particle
floats as the average velocity of fluid particles within
this region, the Eq. (5) can be derived [28]. Based
on this picture, we further emphasize that for a Brow-
nian particle of radius R, the viscosity mode is phys-
ically meaningless for t < 4ν/R2 since rc < R. In
other words, the feedback plays a role after t = 4ν/R2.
Then, plugging Eq. (5) into Eq. (3), the lower inte-
gral boundary should be larger than t = 4ν/R2. With
this consideration we obtain an estimation of DH , i.e.,
DH ≈
∫∞
t=4ν/R2
CH(t)dt ∼
√
ν/R(DK + ν)
3/2. This for-
mula explains, on one hand, DHR is size-independent for
relatively large Brownian particles when DK can be ig-
nored compare to ν. On the other hand, it is size depen-
dent for small enough Brownian particles when DK ≈ ν.
Extrapolating DK based on the scaling property shown
in Fig. 2, we obtain that R ≥ 30 can assure DK/ν < 1%
for all the three densities. This agrees with the simulation
results of Fig. 3, where there is already no remarkable
deviations for R ≥ 15.
Summary and discussion. Diffusion theories of Brown-
ian particles are usually established either on the kinetic
or hydrodynamic frameworks, and therefore these the-
ories should be justified by the decomposition scheme
proposed by this paper. In doing so, we verify that the
Chapman-Enskog theory of kinetic diffusion coefficient is
perfectly accurate over the entire fluid region. More im-
portantly, we show that the hydrodynamic law of the SE
relation is inaccurate without excluding the kinetic ef-
fect. While the modified SE relation excludes the kinetic
contribution, and can be applied for Brownian particles
down to several times of fluid particle size over the entire
fluid region. Contrary to the well-acknowledged view,
our size and mass dependent tests indicate that the SE
relation could not be a quantitatively law for identical
liquid particles.
We would like to point out that a fine experimental
test of the size and mass dependence of the SE rela-
tion is becoming possible. Indeed, various traditional
experimental technologies [12–14, 40] were able to mea-
sure the trajectory of a single Brownian particle of hun-
dreds nanometers. In recent years, thanks to the state-
of-the-art experimental techniques, the measurements of
5displacement as well as instant velocity of a single Brown-
ian particle are available [41–47], and thus it is possible
to obtain an accurate C(t) experimentally and decom-
pose DK and DH . We look forward to the experimental
investigations in the near future.
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